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Abstract
A topological proof (via the generalized Gelfand spectral radius formula) is given of the
fact that every compact set of complex n× n matrices admits a König chain. © 2001 Elsevier
Science Inc. All rights reserved.
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In this paper, we give a topological proof of the existence of a König chain in the
case of a compact set of complex n× n matrices.
For a complex n× n matrix A, the spectral radius of A is denoted by ρ(A); ‖A‖
stands for the operator norm of A associated with the vector norm ‖x‖. Let  be a
set of complex n× n matrices. For m = 1, 2, . . . , let m be the set of all products
of matrices in  of length m, that is,
m ≡ {A1A2 · · ·Am;Ai ∈ , i = 1, . . . ,m}.
Denote by ρˆ() the joint spectral radius of  [5], that is,
ρˆ() ≡ lim sup
m→∞
[
sup
A∈m
‖A‖
]1/m
.
The quantity ρˆ() does not depend on the choice of a norm (since all norms are
equivalent on a finite-dimensional space). A sequence {Ak} in  is said to be a König
chain if
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‖A1A2 · · ·Am‖1/m  ρˆ() for all m = 1, 2, . . . ,
and for all operator norms ‖ · ‖.
If  consists of a single matrix A, then the existence of a König chain becomes
clear since we have the power equality ρ(Am) = (ρ(A))m for m = 1, 2, . . . , and
ρ(A)  ‖A‖ for all operator norms ‖ · ‖. The case in which the cardinality of 
is finite was considered first by Daubechies and Lagarias [2]. Daubechies–Lagarias’
proof is another ingenious application of König’s infinity lemma [4, p. 163]. (König’s
infinity lemma asserts that if G is a connected infinite graph such that each vertex of
G has finite degree, then for each vertex v of G there exists an infinite path with initial
vertex v.) In a recent paper, Shen [6] extended the Daubechies–Lagarias theorem
to the case of a compact set . The purpose of this paper is to present a some-
what simpler proof of the generalized Daubechies–Lagarias theorem by employing
the original statement of Daubechies–Lagarias and the generalized Gelfand spectral
radius formula.
We shall establish the following:
Theorem. Every compact set of complex n× n matrices admits a König chain.
Proof. Let  be a compact set of complex n× n matrices. Let us first recall the
generalized Gelfand spectral radius formula. For a bounded set S of complex n× n
matrices, the generalized Gelfand spectral radius formula asserts that
ρ(S) ≡ lim sup
m→∞
[
sup
A∈Sm
ρ(A)
]1/m
= ρˆ(S).
(A passing remark: This gem of an equality was conjectured by Daubechies and
Lagarias [2] when  consists of finitely many real n× n matrices. This conjecture
was proved by Berger and Wang [1] using tools from ring theory, then by Elsner
[3] using analytic–geometric tools and by Shih [7] using the notion of simultaneous
Schur stability and pigeonhole principle.) For m = 1, 2, . . . , let
ρm() ≡
[
sup
A∈m
ρ(A)
]1/m
. (1)
By (1), we associate to any m = 1, 2, . . . , a matrix Bm of length m such that
ρ(Bm)
1/m  ρm()− 1
m
. (2)
We may assume, by taking a subsequence if necessary, that limm→∞ ρm() = ρ().
For m = 1, 2, . . . , let us write
Bm ≡ A(m)1 · · ·A(m)m ,
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and let
m ≡
{
A
(j)
k ; 1  k  j, 1  j  m
}
.
Claim. limm→∞ ρ(m) = ρ().
Since m ⊂ m+1 (m = 1, 2, . . .), we have
ρ(m)  ρ(m+1) and ρ(m)  ρ() for all m = 1, 2, . . . ;
thus limm→∞ ρ(m) exists. Since Bm ∈ mm for all m = 1, 2, . . . , we have
ρ(Bm)
1/m  ρ(m)1/m  sup
m1
[
sup
A∈m
ρ(A)
]1/m
= ρ(), (3)
so that (2) and (3) together yield the desired conclusion.
Write ∞ for the topological space of countably infinite Cartesian products of
the compact Hausdorff space . By Tychonoff’s theorem, ∞ is compact. For i =
1, 2, . . . , let
i ≡
{
(E1, E2, . . .); Ej ∈ , j  1, ‖E1E2 · · ·Em‖1/m  ρˆ(i ),
for all m = 1, 2, . . . , and for all operator norms ‖ · ‖}.
Then each i is compact (i = 1, 2, . . .), because each i (i = 1, 2, . . .) is a closed
subset of the compact space ∞. By the result for the finite case, i /= ∅ for all i =
1, 2, . . . Since i ⊂ i+1 (i = 1, 2, . . .) it follows that i+1 ⊂ i (i = 1, 2, . . .),
so that the collection {i ; i = 1, 2, . . .} has the finite intersection property and,
consequently the collection {i ; i = 1, 2, . . .} has a non-empty intersection. Let
(E1, E2, . . .) be in this intersection. Then for i = 1, 2, . . . ,
‖E1E2 · · ·Em‖1/m  ρˆ(i ) for all m = 1, 2, . . . ,
and for all operator norms ‖ · ‖.
Hence, by the generalized Gelfand spectral radius formula and the claim, we have
‖E1E2 · · ·Em‖1/m  lim
i→∞ ρˆ(i ) = limi→∞ ρ(i ) = ρ() = ρˆ()
for all m = 1, 2, . . . , and for all operator norms ‖ · ‖.
This completes the proof. 
It is perhaps worth remarking that Shen [6] observed that this theorem implies a
convergence result for non-stationary iterative processes and chaotic models. This
convergence result asserts that for a bounded set of complex n× n matrices, ρˆ() <
1 if and only if for any sequence {Ak} in , limk→∞ A1A2 · · ·Ak = 0. Let us men-
tion that this result is due to Daubechies and Lagarias [2] under more severe restric-
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tions on . The present form of this result is due to Berger and Wang [1]. Another
proof of this result based on the notion of simultaneous Schur stability may be found
in [7].
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